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a b s t r a c t
In a recent paper, Bessy, Sereni and the author (see [3]) have proved that for r ≥ 1, a
tournament with minimum out-degree and in-degree both greater than or equal to 2r − 1
contains at least r vertex-disjoint directed triangles. In this paper, we generalize this result;
more precisely, we prove that for given integers q ≥ 3 and r ≥ 1, a tournament with
minimum out-degree and in-degree both greater than or equal to (q− 1)r − 1 contains at
least r vertex-disjoint directed cycles of length q.Wewill use an auxiliary result established
in [3], concerning a union of sets contained in another union of sets. We finish by giving a
lower bound on the maximum number of vertex-disjoint directed cycles of length qwhen
only the minimum out-degree is supposed to be greater than or equal to (q− 1)r − 1.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction and definitions
The definitions which follow are those of [1].
A tournament T is a digraph T such that for any two distinct vertices x and y, exactly one of the couples (x, y) and (y, x)
is an arc of T . V (T ) is the vertex set of T and the order of T is the cardinality of V (T ). A(T ) is the set of the arcs of T .
We say that a vertex y is an out-neighbour of a vertex x (in-neighbour of x) if (x, y) (resp. (y, x)) is an arc of T . The number
of the out-neighbours of x is the out-degree d+(x) of x and the number of the in-neighbours of x is the in-degree d−(x) of
x. We denote by δ+(T ) the minimum out-degree of T , by δ−(T ) the minimum in-degree of T . The minimum semi-degree
of T is δ0(T ) = min{δ+(T ), δ−(T )}. It is known and easy to prove that if v is the order of T , then v ≥ 2δ0(T ) + 1 and
δ0(T ) ≤ d+(x) ≤ v − 1− δ0(T ) for any vertex x of T .
For a subset S of V (T ), T [S] is the sub-tournament induced by the vertices of A.
A path or a cycle of a tournament T alwaysmeans a directed path or a directed cycle of T and disjoint cyclesmean vertex-
disjoint cycles. For q ≥ 3, a q-cycle is a directed cycle of length q. A 3-cycle is a triangle. A Cq-free tournament is a tournament
which does not contain q-cycles.
It is well-known (Redei’s Theorem) that any tournament contains a Hamiltonian path.
For distinct vertices x and y of T , an (x, y)-path is a directed path starting from x and ending at y. The tournament T is said
to be strongly connected (or merely strong) if for any distinct vertices x and y, there exists an (x, y)-path. It is well-known
(Camion’s Theorem) that a tournament T is strong if and only if it contains a Hamiltonian cycle. It is also known (Moon’s
Theorem) that a strong tournament T of order v is pancyclic, i.e. it has cycles of all lengths 3, . . . , v. In particular this means
that if C is a q-cycle of T , then the tournament T [V (C)] has cycles of all lengths 3, . . . , q.
In 1981 (see [2]), Bermond and Thomassen conjectured that for r ≥ 1, any digraph with minimum out-degree at least
2r − 1, r ≥ 1, contains at least r vertex-disjoint cycles.
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In a recent paper, Bessy, Sereni and the author (see [3]) have proved that the Bermond–Thomassen conjecture is true for
tournaments with lower bounded minimum semi-degree; more precisely they have proved that for r ≥ 1, a tournament
with minimum semi-degree greater than or equal to 2r − 1 contains at least r vertex-disjoint triangles.
In this paper, we generalize this result and, more precisely, prove that:
Theorem 1.1. For given integers q ≥ 3 and r ≥ 1, a tournament T with δ0(T ) ≥ (q− 1)r− 1 contains at least r vertex-disjoint
q-cycles.
2. Preliminary results
Let (x, y) be an arc of a tournament T of order v ≥ 2. We put:
B(x, y) = {z ∈ V (T ) : (x, z) ∈ A(T ), (y, z) ∈ A(T )};
E(x, y) = {z ∈ V (T ) : (z, x) ∈ A(T ), (y, z) ∈ A(T )};
F(x, y) = {z ∈ V (T ) : (x, z) ∈ A(T ), (z, y) ∈ A(T )}.
Note that E(x, y) is the set of vertices z such that x, y and z form a triangle.
We denote by b(x, y), e(x, y) and f (x, y) the respective cardinalities of these three sets.
It is easy to see that we have d+(x) = b(x, y) + f (x, y) + 1 and d+(y) = b(x, y) + e(x, y). Clearly, these two equalities
imply:
Theorem 2.1. In a tournament T , for any arc (x, y), we have e(x, y) = f (x, y)+ d+(y)− d+(x)+ 1.
This result (with the proof given here) is in [4].
We also state:
Proposition 2.2. Let P = y1 · · · ym be a path of a tournament T with (y1, ym) ∈ A(T ). Then for any y ∈ E(y1, ym), the tourna-
ment T ′ induced by V (P) ∪ {y} is strong.
Proof. If y 6∈ V (P), then y1 · · · ymyy1 is a Hamiltonian cycle of T ′ and so T ′ is strong. And if y ∈ V (P), it is easy to see that
T ′ = T is still strong. 
Recall that anm-set means a set of cardinalitym.
The following result, proved in [3], will be essential for proving Theorem 1.1.
Theorem 2.3. Let m, n, r ′, s be integers with m ≥ 3, r ′ ≥ 1, 1 ≤ n ≤ r ′ and s =
⌈
r ′+m−1
2
⌉
.
Let A1, . . . , As be s sets satisfying |Ai| ≥ r ′ +m+ 1− 2i for 1 ≤ i ≤ s.
Let B1, . . . , Bn be n m-sets such that Ai ⊆⋃1≤j≤n Bj for 1 ≤ i ≤ s.
Then there exist i ∈ {1, . . . , n} and distinct elements j and k of {1, . . . , s} such that Bi has distinct elements x and y with
x ∈ Aj and y ∈ Ak.
Two variants of this result are proved in [3].
3. Proof of Theorem 1.1
The case q = 3 was settled in [3], so we can suppose q ≥ 4. Let v be the order of T . Clearly, we have v ≥ 2(q− 1)r − 1.
Suppose first that r = 1. Let y1 · · · yv be aHamiltonian path of T . As d+(yv) ≥ q−2 and yv and yv−1 are not out-neighbours
of yv , there exists an out-neighbour yi of yv with i ≤ v − q+ 1.
Then yi · · · yvyi is a cycle C of length at least q and consequently the strong tournament induced by the vertices of this
cycle contains a q-cycle.
Thus, the theorem is proved in this case and, therefore, we can consider r ≥ 2.
Let n be the maximum number of disjoint q-cycles of T .
It is clear that n ≥ 1. Let Ci, 1 ≤ i ≤ n, be n disjoint q-cycles. We put V ′ = V (T ) \⋃1≤j≤n V (Cj) and p = |V ′|. We have
p = v − qn.
Suppose that n ≤ r − 1.
Then we have p ≥ v − q(r − 1) and as v ≥ 2(q− 1)r − 1, we get p ≥ (q− 2)(r + 1)+ 1 (which implies p ≥ 2q− 1).
Let P = x1 · · · xp be a Hamiltonian path of T ′ = T [V ′] (see Fig. 1 for q = 4).
As T ′ is a Cq-free tournament (otherwise, we would have extra q-cycles), it easy to see that:
Observation 3.1. For i and j with i+ q− 1 ≤ j, we have (xi, xj) ∈ A(T ′).
We now state:
Claim 3.2. For 1 ≤ i ≤ ⌈ r+q−22 ⌉, we have (xi, xp+1−i) ∈ A(T ), xi+1 ∈ F(xi, xp+1−i) and xp−i ∈ F(xi, xp+1−i).
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Fig. 1. Disjoint q-cycles of T and a Hamiltonian path of T [V ′].
Proof. As p ≥ (q− 2)(r + 1)+ 1 and i ≤ ⌈ r+q−22 ⌉, we have p+ 1− i− i ≥ (q− 2)(r + 1)+ 2− 2× ⌈ r+q−22 ⌉. We now
consider two cases:
Case 1. r + q− 2 is even.
We then have p+ 1− i− i ≥ (q− 2)(r + 1)+ 2− (r + q− 2); hence p+ 1− i− i ≥ (q− 3)r + 2. As r ≥ 2 and q ≥ 4
we get (q− 3)r + 2 ≥ qwhich implies p+ 1− i− i ≥ q.
Case 2. r + q− 2 is odd.
We then have p + 1 − i − i ≥ (q − 2)(r + 1) + 2 − (r + q − 1); hence p + 1 − i − i ≥ (q − 3)r + 1. If r = 2
then, as r + q − 2 is odd, we have q ≥ 5 and it is easy to see that this implies p + 1 − i − i ≥ q. If r ≥ 3, then we have
(q− 3)r + 1 ≥ 3q− 8 ≥ q; hence p+ 1− i− i ≥ q. In both cases we have p+ 1− i− i ≥ q and then, by Observation 3.1,
we have (xi, xp+1−i) ∈ A(T ). By the same observation we have (xi+1, xp+1−i) ∈ A(T ) and (xi, xp−i) ∈ A(T ) which imply
xi+1 ∈ F(xi, xp+1−i) and xp−i ∈ F(xi, xp+1−i). 
We continue with:
Claim 3.3. For 1 ≤ i ≤ ⌈ r+q−22 ⌉, we have f (xi, xp+1−i) ≥ p− 2q+ 6− 2i.
Proof. As p − q + 1 ≥ q, we can consider the vertices xq, . . . , xp−q+1. By Observation 3.1, for q ≤ j ≤ p − q + 1 we have
(x1, xj) ∈ A(T ), (xj, xp) ∈ A(T ) and consequently xj ∈ F(x1, xp). As x2 and xp−1 are in F(x1, xp), we get f (x1, xp) ≥ p− 2q+ 4
which proves the result for i = 1. Now it is easy to see that for 1 ≤ i ≤ ⌈ r+q−22 ⌉, we have f (xi, xp+1−i) ≥ p−2q+6−2i. 
Now, we state:
Claim 3.4. For 1 ≤ i ≤ ⌈ r+q−22 ⌉, we have e(xi, xp+1−i) ≥ r + q− 2i.
Proof. By Theorem 2.1, we have e(xi, xp+1−i) = f (xi, xp+1−i)+1+d+(xp+1−i)−d+(xi). As f (xi, xp+1−i) ≥ p−2q+6−2i ≥
v−(r−1)q−2q+6−2i, d+(xp+1−i) ≥ (q−1)r−1 and d+(xi) ≤ v−(q−1)r , we deduce e(xi, xp+1−i) ≥ v−(r−1)q−2q+
6+1+(q−1)r−1−v+(q−1)r−2i, hence e(xi, xp+1−i) ≥ (q−3)r+r−q+6−2i ≥ 2(q−3)+r−q+6−2i = r+q−2i. 
We also state:
Claim 3.5. For 1 ≤ i ≤ ⌈ r+q−22 ⌉, we have E(xi, xp+1−i) ⊆⋃1≤j≤n V (Cj).
Proof. For 1 ≤ i ≤ ⌈ r+q−22 ⌉ and x ∈ E(xi, xp+1−i), by Proposition 2.2, x and the vertices of the path Pi = xi · · · xp+1−i induce
a strong tournament T ′i of order more than q (see the proof of Claim 3.2). Consequently T
′
i contains a q-cycle. As T
′ is Cq-free,
we have x ∈⋃1≤j≤n V (Cj) and so the result is proved. 
Suppose now that r = 2. As n ≤ r − 1 = 1 and n ≥ 1, we have n = 1. As ⌈ r+q−22 ⌉ ≥ 2, by Claim 3.4 we have
e(x1, xp) ≥ q and e(x2, xp−1) ≥ q − 2 ≥ 2. Then all the vertices of the q-cycle C1 = y1 · · · yqy1 are in E(x1, xp) and without
loss of generality we can suppose that y3 ∈ E(x2, xp−1), y1 ∈ E(x1, xp) and y4 ∈ E(x1, xp). But then C ′1 = x2 · · · xp−1y3x2 and
C ′2 = x1xpy4 · · · yqy1x1 are two disjoint cycles, of respective lengths p − 1 and q. As p − 1 ≥ q, the tournament T [V (C ′1)]
contains a q-cycle C ′′1 and then C
′′
1 and C
′
2 are two disjoint q-cycles, a contradiction.
Consequently, the theorem is proved when r = 2 and so, from now on, we can suppose that r ≥ 3.
With m = q, n = n, r ′ = r − 1, s = ⌈ r+q−22 ⌉ , Ai = E(xi, xp+1−i) for 1 ≤ i ≤ s and Bj = V (Cj) for 1 ≤ j ≤ n, the
conditions of Theorem 2.3, are required.
Consequently, there exist iwhere 1 ≤ i ≤ n and j and kwhere 1 ≤ j < k ≤ s such that V (Ci) contains distinct vertices x
and ywith x ∈ E(xj, xp+1−j) and y ∈ E(xk, xp+1−k).
We have seen that p+ 1− k− k ≥ (q− 3)r + 1; hence p− k− k ≥ (q− 3)r ≥ 3(q− 3)which means that there are at
least 3(q− 3) vertices xu with k+ 1 ≤ u ≤ p− k.
We have p+1−k−(k+q−3) = p−2k−q+4 and as p−2k ≥ 3(q−3)we get p+1−k−(k+q−3) ≥ 2q−5 ≥ q−1.
By Observation 3.1, we have (xk+q−3, xp+1−k) ∈ A(T ) and then P ′k = xkxk+1 · · · xk+q−3xp+1−k is a path of T ′ with q−1 vertices.
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As k + q − 2 − (k − 1) = q − 1, by Observation 3.1, we have (xk−1, xk+q−2) ∈ A(T ) and then (xj, xk+q−2) ∈ A(T ). We
have p + 1 − j − (k + 2q − 6) ≥ p + 1 − k + 1 − k − 2q + 6 = p − 2k − 2q + 8 and as p − 2k ≥ 3(q − 3) we get
p+1−j−(k+2q−6) ≥ q−1. By Observation 3.1, we have (xk+2q−6, xp+1−j) ∈ A(T ) and then P ′j = xjxk+q−2 · · · xk+2q−6xp+1−j
is a path of T ′ with q− 1 vertices.
Weobserve that P ′k and P
′
j are vertex-disjoint. ThenC
′
k = xkxk+1 · · · xk+q−3xp+1−kyxk andC ′j = xjxk+q−2 · · · xk+2q−6xp+1−jxxj
are two disjoint q-cycles. But then the Cu, 1 ≤ u ≤ n, u 6= i, C ′k and C ′j are n + 1 disjoint q-cycles which contradicts the
maximality of n. Consequently n ≥ r and Theorem 1.1 is proved.
We think that our bound is not the best possible but, at the moment, we are not able to prove this.
When only the minimum out-degree is supposed to be lower bounded by (q−1)r−1, we propose the following weaker
result:
Theorem 3.6. For given integers q ≥ 3 and r ≥ 1, a tournament T with δ+(T ) ≥ (q− 1)r − 1 contains at least
⌈
r − 1− r−2q
⌉
vertex-disjoint q-cycles.
Proof. Let n be the maximum number of disjoint q-cycles of T .
As n ≥ 1, let Ci, 1 ≤ i ≤ n, be n disjoint q-cycles. We put V ′ = V (T ) \⋃1≤j≤n V (Cj) and p = |V ′|. Let P = x1 · · · xp
be a Hamiltonian path of T ′ = T [V ′]. By Observation 3.1 it is easy to see that xp has at most q − 3 out-neighbours in V ′. As
d+(xp) ≥ (q− 1)r − 1, we deduce (q− 1)r − 1− (q− 3) ≤ nq, hence n ≥ r − 1− r−2q which yields n ≥
⌈
r − 1− r−2q
⌉
and, therefore, the result is proved. 
Thus a tournament T with δ+(T ) ≥ 2r−1 contains at least ⌈ 2r−13 ⌉ disjoint triangles and therefore at least ⌈ 2r−13 ⌉ cycles.
This does not prove the Bermond–Thomassen conjecture for tournaments since the expected number of disjoint cycles is r .
Nevertheless, we think that:
Conjecture 3.7. For given integers q ≥ 3 and r ≥ 1, a tournament T with δ+(T ) ≥ (q−1)r−1 contains at least r vertex-disjoint
q-cycles.
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